We consider the three-dimensional incompressible Navier-Stokes equation on the whole space. We observe that this system admits a L 8 family of global spatial plane wave solutions, which are connected with the two-dimensional equation. We then proceed to prove local well-posedness over a space which includes L 3 pR 3 q and these solutions. Finally, we prove L 3 -stability of spatial plane waves, with no condition on their size.
Introduction
In this work, we consider the Cauchy problem for the incompressible Navier-Stokes equation on R d , $ & % u t´∆ u`pu¨∇qu " ∇p, t ą 0, upt,¨q :
We shall focus on the d " 3 case. We seek to study spatial plane waves, that is, upt, x, y, zq " gpt, x´cy, zq, ppt, x, y, zq " qpt, x´cy, zq, u 0 px, y, zq " g 0 px´cy, zq, c P R. (1.1)
We shall refer to c as the speed of the wave and g, q as the wave profiles. The idea of considering such solutions first appeared in [1] in the context of the hyperbolic nonlinear Schrödinger equation. Since the existence of such solutions is quite trivial in such a framework, the attention was then directed to the local well-posedness over a space which includes H 1 functions and spatial plane waves. Finally, it was proven, in some cases, that H 1 perturbations of spatial plane waves are stable. These ideas were later developed for the nonlinear Schrödinger equation (see [2] ), where one considers superpositions of waves with different speeds (either a numerable collection or a continuous one).
The generality of such results made us search for other models where one could try to apply these ideas, such as the (NS). A considerable change in the framework is observed: on one hand, the change from a dispersive equation to a diffusive one; on the other, the passage from a scalar equation to a system. Moreover, there is an intrinsic interest in obtaining existence and stability results for the three-dimensional (NS) (and so this work is not simply an academic problem).
The existence of a class of global spatial plane waves is proven by observing that the profile satisfies a two-dimensional (NS) system (cf. Proposition 4). Naturally, these solutions will not belong to L p pR 3 q for any p ă 8. However, under some regularity assumptions over the initial data g 0 , they will belong to L 8 pR 3 q. We then derive a local well.posedness result over a space which includes these global solutions and L 3 pR 3 q (cf. Theorem 5). Finally, we prove the stability of spatial plane waves under L 3 pR 3 q perturbations, without any smallness condition of the profile of the wave. As a consequence, our result proves that, if a flow in R 3 is horizontal (that is, it has no vertical components and is independent of the height), then localized perturbations of such a flow give rise to global flows, which remain close to the horizontal one.
This paper is organized as follows: in a first section, we recall some well-known classical results. We obtain a family of global spatial plane waves in section 3. The main results are then stated and proved in section 4. Finally, we make some comments regarding superpositions of spatial plane waves and the extension of these results to a very similar evolution problem, the complex Ginzburg-Landau equation.
Preliminaries
We shall denote by P the projection operator over the set of divergence-free functions, which is defined on any L p , 1 ă p ă 8. Define A "´∆P "´P∆. Recall the basic estimates for the projected heat kernel e tA , valid for any 1 ă q ď p ă 8:
Throughout this work, we use Kato's definition for mild solutions (see [7] , [8] ): a solution is any function u P Cpr0, T q; P`L p pR d q˘q, for some 0 ă t ď 8 and 1 ă p ă 8, which satisfies the integral equation
We now recall some important results in the classical theory for the (NS).
Theorem 1 (see [7] ). Let u 0 P PL d pR d q. Then there exists T ą 0 and a unique solution
Furthermore, there exists ǫ ą 0 such that, if }u 0 } d ď ǫ, the solution u is global (that is, T "`8).
Theorem 2 (for e.g., [6] 
Existence of spatial plane waves
Introducing the spatial plane wave ansatz (1.1) into the three dimensional (NS) and setting
it is easy to check that h, " ph 1 , h 2 q is a solution of the two-dimensional (NS) with pressure ρ and initial data
To determine the wave profile g, one must now solve the equation for
A simple computation gives
which is a linear heat equation with a source term. The problem is the insuficient information on the term Bq{Bw, for it does not provide the estimations needed for the existence proof ofg 1 . However, we observe that (3.1) is also the equation satisfied by h 1 . This means thatg 1 " h 1 satisfies (3.1) if the initial data coincide. Even though we lose some freedom in the choice of the initial profile, this degeneracy allows us to obtain a solution of the three-dimensional (NS), given by φpt, x, y, zq "ˆ1 ? On the other hand, write h " Ph`∇ w,z Ψ. Then W r∇ w,z Ψs " ∇ x,y,zΨ ,Ψpx, y, zq " Ψˆx´c y ?
1`c 2 , z˙.
This implies that φ " W rhs can be written (uniquely) as φ " W rPhs`∇Ψ, that is, as the sum of a divergence-free vector field plus a gradient term. In this way, we define naturally Pφ " W rPhs and PX s c " φ P pL
These observations show that, to solve (NS) on PX s c , it suffices to solve the projected equation, whose weak formulation is given by (2.3). We may finally state the existence of global spatial plane waves for the three-dimensional (NS), using Theorem 2:
Proposition 4. Fix s ě 1 and c P R. Given φ 0 P PX s c , there exists a unique solution φ P Cpr0, 8q, PX s c q of (NS), which is obtained by solving the two-dimensional (NS) system for its profile.
Main results
Throughout this section, s ą 2 and c P R will be fixed. Set
Theorem 5 (Local well-posedness over E). Given u 0 " v 0`φ0 P E, there exists T ą 0 and a solution u P Cpr0, T q; Eq of (NS). If φ is the solution of (NS) with initial data φ 0 (cf. Proposition 4),
Moreover, for any T˚ą 0, there exists ǫ " ǫpT˚, φ 0 q ą 0 such that, if }v 0 } 3 ă ǫ, T " T˚and }vpT˚q} 3 ď 2ǫ.
Proof.
Step 1. Introduction. If one takes the difference between the Duhamel's formulae for u and φ, one arrives at an equivalent problem for v " u´φ:
vptq " e t∆ v 0´ż t 0 e pt´sq∆ P ppv¨∇qv`pφ¨∇qv`pv¨∇qφq psqds.
We follow closely the technique in [7] to solve this equation using the method of successive approximations: given T˚ą 0, consider the sequence
where v 1 " e t∆ v 0 , Gv :"´ż t 0 e pt´sq∆ P ppv¨∇qv`pφ¨∇qv`pv¨∇qφq psqds, t ă T˚.
The goal will be to obtain the existence of a limit v, which will satisfy Duhamel's formula. We do this if }v 0 } 3 is small; if it is not, then one makes T˚small and carries out the same proof.
Step 2. Estimations on successive approximations. Fix L ą 0 large enough. Now we prove, by induction, the existence of such v n , satisfying e´L t t p1´γq{2 v n P BCpr0, T˚s; PL 3{γ q with norm smaller than K n , 0 ă γ ď 1, (4.2) e´L t t 1{2 ∇v n P BCpr0, T˚s; PL 3 q with norm smaller than
Starting with n " 1, (4.2) and (4.3) follow directly from (2.1) and (2.2), with
We now assume that, for a given n P N, the desired v n exists. Given r 1 , r 2 , r 3 ď 3{γ, using (2.
By Theorem 2, there exists M ą 0 such that
Then, choosing r 2 " 3 and r 3 " 3{γ, 
M K n‚
This implies that
We estimate ∇Gw n ptq in a similar fashion:
pw n¨∇ qw n } r1 ds`λ
pw n¨∇ qψ} r3 ds
Consequently,
The recurrence relations (4.4) and (4.5) can be solved easily: setting K n " maxtK n , K 1 n u, the worst-case scenario is
where C depends only on p. For L large enough (depending on T˚and M ) and for }v 0 } 3 ă ǫ small, the above recurrence gives
Step 3. Convergence. Take w n " v n´vn´1 . Setting
and following the same procedure as in Step 2, 
These convergences then imply that
Gv n Ñ Gv on BCpr0, T˚s, L 3 pR 3 qq, and so v " v 1`G v, that is, v is a solution of (4.1). It is now easy to check the claimed decay of ∇v using the Duhamel's formula for v. For the L 8 norm, one estimates
Step 4. Uniqueness. Assume that v 1 , v 2 verify (4.1). Then, taking the difference w " v 1´v2 , it suffices to check that w " 0 close to t " 0. Given δ ą 0, there exists t 0 ą 0 such that, for t ă t 0 , t p1´γq{2 }v 1 ptq} 3{γ , t p1´γq{2 }v 2 ptq} 3{γ ď δ.
An analogous computation to that of Step 3 gives
for t 0 , δ ą 0 small enough. This implies wptq " 0 for t ă t 0 , which completes the proof.
Theorem 6 (L

3
-stability of spatial plane waves). Given φ 0 P X s c , there exists ǫ ą 0 such that, for any v 0 P L 3 pR 3 q with }v 0 } 3 ă ǫ, the solution u of (NS) with initial data v 0`φ0 is global and satisfies
Proof. First of all, for any δ ą 0 fixed, there exists t δ such that the L 2 norm of the profile of φ is smaller than δ. It then follows from Lemma 3 that, for t ą t δ ,
From Theorem 5, it follows that, for }v 0 } 3 ă ǫ small enough, the solution u of (NS) with initial data φ 0`v0 exists up to T " t δ and }vpt δ q} 3 ă 2ǫ. We then take t δ as our starting point and prove global existence for v. For the sake of simplicity, we redefine v 0 :" vpt δ q and φ 0 :" φpt δ q.
Consider the space
endowed with the distance dpv, wq " sup
For any v P E, set
Φpvq " e t∆ v 0´ż t 0 e pt´sq∆ P ppv¨∇qv`pφ¨∇qv`pv¨∇qφq psqds.
We shall prove that, under suitable choices on δ and M , Φ : E Ñ E is a strict contraction, yielding the result. To this end, one must write the nonlinear terms as pv¨∇qv`pφ¨∇qv`pv¨∇qφ " ∇¨ppv`φq b pv`φq´φ b φq .
Using this, one is able to estimate Φ without involving any derivatives of v and φ. Indeed, for any p ě 3, it follows from (2.1) that
This condition can be verified if ǫ ! 1, δ ă 1{2C and M ă 1{2C. Moreover,
ds˙dpv, wq, which implies that dpΦpvq, Φpwqq ď C pM`2δq dpv, wq.
Hence, if C pM`2δq ă 1{2, Φ is a strict contraction over E, which concludes the proof.
Further comments
Superposition of spatial plane waves
One could follow the ideas in [2] to build a local well-posedness theory for either a numerable or a continuous superposition of spatial plane waves. In the first case, the method should follow the same lines as the single wave case. However, due to the interaction between waves with different speeds, the corresponding stability result should include a smallness condition on the waves themselves (and not simply on the remainder).
In the continuous case, as observed in [2] , one solves a linear heat equation for the continuous superposition of plane waves and then solves the remainder equation. In the dispersive case, the fact that the linear solution was a continuous plane wave had an important role in its decay estimates and integrability properties. In the diffusive case, however, the regularization given by the heat kernel already gives the required estimates, even if the linear solution is not a continuous plane wave. The conclusion is that, setting
one should be able to derive directly a local well-posedness result over E and also a global result for small data, using only Kato's method: one simply takes the linear evolution of the component in L 
The complex Ginzburg-Landau equation
Consider the initial value problem for the complex Ginzburg-Landau equation over
We claim that (CGL) shares many properties with (NS) (see [3] , [4] ): in fact,
• the linear semigroup tSptqu tě0 for (CGL) can be seen to be a convolution with a kernel which shares the properties of the heat kernel. Hence the decay estimates of the linear part will be the same and one has }Sptqu 0 } 2 Ñ 0 as t Ñ 8 (this is easily seen on the Fourier side);
• for d " 2, one has global well-posedness for u 0 P L 2 pR 2 q, giving u P Cpr0, 8q; L 2 pR 2X Cpp0, 8q; L 8 pR 2or u 0 P H 2 pR 2 q, giving u P Cpr0, 8q; H 2 pR 2 qq.
• for d " 3 and small viscosity ǫ ! 1, global well-posedness for generic initial data is unknown. In this case, one might expect that the Schrödinger part of the equation (which is focusing) may give birth to the formation of singularities (see [5] for strong numerical evidence).
• the nonlinearity |u| 2 u has the L 3 pR 3 q-critical decay behaviour verified by the nonlinearity of (NS):
With these similarities in mind, one can easily understand how to obtain the analogous results of existence and stability of spatial plane waves for (CGL) for d " 3: first of all, considering the spatial plane wave ansatz upt, x, y, zq " f pt, w, zq, w " px´cyq{ ? 1`c 2 , one sees that f must satisfy (CGL) in dimension two. Using the global well-posedness results, we obtain globally defined spatial plane waves in R 1`c 2 , z˙a.e., f P H 2 pR 2 q * , one may proceed as in the (NS) case (since the proof relies only on the decay estimates for the semigroup and on the nature of the nonlinearity). To prove stability, one needs the L 8 decay of the plane wave. Using Kato's method, it is easy to prove that, for f 0 P L
